We obtain asymptotic equalities for upper bounds of approximations of functions from the class C ˇ;1 by Poisson integrals in the metric of the space C:
Statement of the Problem and Some Historical Information
Let C be the space of 2 -periodic continuous functions with the norm In 1983, Stepanets proposed a new approach to the classification of periodic functions. This approach is based on the notion of . ;ˇ/-derivative (see, e.g., [1] [2] [3] [4] ). The classes L ˇo f functions f 2 L 1 are introduced as follows: Let a sequence D .k/ and parameterˇbe such that the series
is the Fourier series of a certain summable function ‰ˇ.t /: Then the following equality holds for any f 2 L ǎ nd almost all x 2 R :
/ ‰ˇ.t /dt;
Volyn National University, Luts'k, Ukraine. ; and f ˇ. x/ D f .r/ .x/ is the Weyl-Nagy .r;ˇ/-derivative [5] . Furthermore, ifˇD r; r 2 N; then f ˇi s the r th-order derivative of the function f; and the classes C ˇ;1 are the well-known Sobolev classes W r 1 : Following Stepanets (see, e.g., [4, p. 
t /:
Without loss of generality, we can assume that the sequences .k/ from the set M are restrictions of certain positive, continuous, convex-downward functions .t / of a continuous argument t 1 that vanish at infinity to the set of natural numbers. The set of these functions is also denoted by M: Thus, in what follows,
Let M 0 denote the set of functions 2 M for which
In the set M; we select a subset M 0 as follows (see, e.g., [4, p. 160] ):
where
1 is the function inverse to ; and K is a constant that may depend on :
Let f 2 L 1 : The quantity
where a 0 ; a k ; and b k are the Fourier coefficients of the function f; is called the Poisson integral (see, e.g., [6, p. 161] ).
In the present paper, we study the asymptotic behavior of the quantity
If we determine the explicit form of a function '.ı/ D '.NI ı/ such that
then, following Stepanets [4, p. 198] , we say that the Kolmogorov-Nikol'skii problem for the Poisson integral P ı .f I x/ is solved on the class N in the metric of the space X: Note that the Kolmogorov-Nikol'skii problem for the functions P ı .f I x/ on the Sobolev classes W 1 1 was solved by Natanson in [7] . In [8] ; r > 0;ˇ2 R; was obtained by Bausov in [9] . In particular, he obtained the following asymptotic equality for the class W
Approximation properties of the method of approximation by Poisson integrals on other classes of differentiable functions were studied in [10, 11] .
Some Estimates for Fourier Integrals
To investigate the asymptotic behavior of (2) as ı ! 1; it is necessary to establish conditions under which the Fourier transform
of the function . / defined by the relation
. 
where 
is convergent.
Proof. To verify the convergence of integral (9), according to Theorem 1 in [9] we estimate the integrals
sinˇ 2ˇ1
To estimate the first integral in (10), we divide the segment OE0I 1=2 into two parts: OE0I 1=ı and OE1=ıI 1=2 (for ı > 2b). Since 00 .u/ < 0 on OE0; 1=ı; taking into account that 1 e u < u; u 0;
we obtain
Now let u 2 OE1=ıI 1=2: We set .u/ D 1 .u/ C 2 .u/; where
Let us estimate the first integral on the right-hand side of (16). To this end, first, we investigate the function
It follows from the relations 0 .u/ D e u 1; 00 .u/ D e u ; .0/ D 0; and
Taking into account relations (18) and (12) and the fact that
we obtainˇ
Since, for u 1=ı; according to (14) and (17), one haš
taking (19) into account we get
Integrating the first integral on the right-hand side of the last inequality by parts, we obtain
Using the conditions of Proposition 2, for 2 M 0 we obtain
By virtue of Proposition 3, relation (21) yields
We consider the integral on the right-hand side of inequality (22) on the segments OE1=ı; b=ı and OEb=ı; 1=2 ; ı > 2b: Since the function g.u/ D u .u/ is bounded on OE1; b; we have
Further, since the function g.u/ is convex upward or downward for u b and g.u/ ¤ 0; the following two cases are possible for u 2 OEb; ı W either u .u/ Ä b .b/ or u .u/ Ä ı .ı/: Thus,
With regard for (23) and (24), we obtain the following relation from (22):
Let us estimate the second integral on the right-hand side of (16) on the segment OE1=ı; b=ı ; ı > 2b: It follows from (15) that
Using relation (26) and taking into account that the function .u/ is decreasing and convex downward for u 1; we obtain
Since .ıu/ Ä .1/ for u 2 OE1=ı; b=ı ; ı > 2b; by virtue of Proposition 2 we obtain the following relation for a function 2 M 0 :
Integrating by parts, we get
Therefore,
Let us estimate the second integral on the right-hand side of (16) on the segment OEb=ı; 1=2 ; ı > 2b: Since the function g.u/ D u .u/ is convex on OEbI 1/; we have
Using relations (13), (16), (25), (27), and (28), we obtain
We estimate the second integral in (10) . For u 2 OE1=ıI 1/; according to (5), we have
Using relation (30) and properties of the function 2 M; we get
Since 1 e u Ä 1 for u 0; ue u Ä K; and .ıu/ Ä .ı=2/ for u 2 OE1=2I 1/; ı 2; relation (31) yields
By virtue of Proposition 3, we obtain the following relation for the continuous function .ıu/ 2 M 0 ; u 1=2; ı 2:
Further, we show that, for any function 2 M; one has
Indeed, since the function j 0 .u/j is decreasing for u 1; we get
Let us estimate the first integral on the right-hand side of (32). Taking into account relations (33) and (34) and Propositions 2 and 3, we obtain
Combining relations (32), (33), and (35), we get
To estimate the first integral in (11), we divide the segment OE0I 1/ into three parts: OE0I 1=ı; OE1=ıI 1; and OE1; 1/: Using relations (5) and (12), we obtain
Using relations (5), (17), and (19) and estimates (23) and (24), we geť
Hence,
Taking into account that the function .u/ decreases for u 1; we obtaiň
It follows from relations (37)-(39) that
Let us estimate the second integral in (11) . Using relation (5), we get
We represent the second integral in (11) as a sum of two integrals:
First, we estimate the first term on the right-hand side of (43). To this end, we add and subtract the term
under the modulus sign in the integrand. As a result, we get
For the first integral on the right-hand side of (44), we obtain the obvious estimate 1 1=ı
By virtue of (41) and (42), we obtain the following relations for u 2 OE0; 1 1=ı:
Since a function . / of the form (5) belongs to the set E 1 ; Proposition 1 is true. According to this proposition,
We show that, as ı ! 1;
where O.1/ is a quantity uniformly bounded in ı: Indeed, the function
is bounded for all u 2 OEı; 1 1=ı; 0 < ı < 1 1=ı; and, moreover, with regard for Propositions 2, for 2 M 0 we have
Thus, I 1;ı D O.1/; ı ! 1: Passing to the estimation of the integral I 2;ı ; note that
Performing the change of variables v D ı.1 C u/; we get
Applying Lemma 5.5 from [3, p. 97] to the right-hand side of the last inequality, taking into account that .2ı 1/ .2ı/; ı 1; and using Proposition 3, we obtain
Combining relations (46)-(49), we get 1 1=ı
According to (5), (29), and (36), quantities H. / of the form (7) satisfy the estimate
Thus,
Comparing (44), (45), and (51), we obtain
Let us estimate the second term on the right-hand side of (43). We have
Using relations (41) and (42), we obtain the following equalities for u 2 OE1 1=ıI 1:
Using these equalities and Proposition 1, we get
Further, we obtain
Repeating the arguments used in the derivation of estimate (49), we show that
Combining (53)- (56) and using relation (50) and the fact that
Using equality (43) and estimates (52) and (57), we get
Thus, by virtue of Theorem 1 in [9] , an integral A. / of the form (9) is convergent. Lemma 1 is proved.
Asymptotic Equalities for Upper Bounds of Deviations of Poisson Integrals from Functions of the Classes C ˇ;1 in the Uniform Metric
The following statement is true: 
where A. / is defined by (9) and satisfies the estimate
Proof. It is shown in Lemma 1 that the Fourier transform of the function .u/ defined by (5) is summable on the entire number axis, i.e., an integral A. / of the form (9) is convergent. Repeating the arguments used in [4, p. 183], we establish that the following equality holds for any function f 2 C ˇ;1 at every point x 2 R :
Using (2) and (61) and taking into account that the classes C ˇ;1 are invariant under translation of the argument (see [3, p. 109]), we obtain
On the other hand, for any function ' 0 2 L 1 such that
Further, since
using (63) we obtain
where .ı/ Ä 0 and
Combining relations (62), (64), and (65), we get
Moreover, using inequalities (2.14) and (2.15) of [9, p. 25] and relations (29), (36), (40), and (58) of the present paper, we obtain equality (60).
Let us estimate the remainder on the right-hand side of (66). To this end, we rewrite the transform O ı .t/ defined by (4) as follows:
Integrating both integrals in (67) twice by parts and taking into account that .0/ D 0 and
Combining relations (68) and (69), we get
Hence,ˇ1
Let us estimate the integrals on the right-hand side of (70). Taking into account that 00 .u/ < 0 for u 2 OE0I 1=ı and using inequality (12), we get
Taking (5), (14), and (15) into account, we estimate the second integral on the right-hand side of (70):
With regard for (19) and (20), we get
Integrating the first integral on the right-hand side of the last inequality by parts and taking into account the conditions of Proposition 2, we obtain the following inequality for the function .u/ 2 M 0 ; u 1:
using Proposition 2 we establish that
Combining relations (73)- (75), we get
To estimate the second integral on the right-hand side of inequality (72), we represent it in the form
With regard for relation (26), we get
Since, according to the conditions of the theorem, the function g.u/ D u .u/ is convex on OEbI 1/; using (15) we obtain the following estimate:
It follows from (72) and (76)- (79) that
Consider the integral on the right-hand side of (70) on the interval OE1; 1/ : Using (30), we obtain
Using the inequalities 1 e u Ä u and e u Ä 1 for u 0 and .ıu/ Ä .ı/ for u 1; Propositions 2 and 3, and relation (34), we get
Relations (71), (80), and (81) yield
Taking into account the last estimate and inequality (70), we obtain
Equality ( where˛.t/ is defined by (8) . Then the following asymptotic equality is true:
Proof. To verify equality (83), we first note that, for " 0 2 .0; 1/; the function u " 0 .u/ increases beginning with a certain number u 0 1: Indeed,
Then the following relation holds for any " 2 ." 0 ; 1/ and sufficiently large ı : 
Combining (84) and (86) with (59) and (60), we obtain (83).
Examples of functions that satisfy the conditions of Corollary 1 are functions of the form
where˛> 1 and K > 0:
the function u .u/ is convex upward or downward on OEb; 1/ ; b 1; and
Then the following asymptotic equality is true:
Proof. If the function satisfies conditions (87) and (88), then, using the l'Hospital rule, we obtain 
Proof. Taking into account that, under the conditions of Corollary 3, the function u .u/ is decreasing for u b 1; for sufficiently large ı .ı > b/ we get
We obtain equality (93) by substituting the last expression into (60) and taking relations (59), (91), and (92) into account. This estimate for upper bounds of approximations by Poisson integrals on the Sobolev classes W 1 1 was obtained by Natanson in [7] . 
Examples of functions for which

